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This paper is concerned with a class of new integral inequalities involving real- 
valued functions and their derivatives satisfying certain boundary conditions. Our 
analysis is more elementary and depends on the general theory used in the develop- 
ment of integral inequalities involving functions and their derivatives. C 1986 
Academic Press, Inc. 
1. INTR~DLJ~TI~N 
There is an extensive literature on integral inequalities involving 
functions and their derivatives (see [ 1, 6, 81). The most notable integral 
inequalities involving functions and their derivatives are considered by 
Beesack in his survey paper [2] which contains an extensive list of referen- 
ces on such inequalities. For other sources of integral inequalities involving 
functions and their derivatives, see the recent work of Everitt [3,4], 
Everitt and Jones [5], Kwong and Zettl [7], and the references given 
therein. In the present paper we establish some new integral inequalities 
involving real-valued functions and their derivatives satisfying certain 
boundary conditions. Our approach in this regard is more elementary and 
along the lines of the original proofs given by various authors in the 
development of such inequalities (see [ 1, 2, 6, 83). Some of our results, in 
the special cases, yield the earlier results established by Traple [lo] and 
Pachpatte [9] on integral inequalities involving functions and their 
derivatives. 
2. STATEMENT OF RESULTS 
In this section we state our results on integral inequalities to be proved 
in this paper. For convenience we list the following hypotheses used in our 
further discussion. 
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(H,) Let pie1 (i= l,..., n) be real-valued nonnegative continuous 
functions defined on I = [a, b]. 
(H2) Let f, gE Cn-l)(Z) and f(+‘), g’“- ‘) are absolutely continuous 
on Z with fck)(a) = fck’(b) = 0, gck’(a) = gck’(b) = 0 for 0 6 k 6 n - 1. 
Our main result is established in the following theorem. 
THEOREM 1. Assume that the hypotheses (H 1) and (Hz) hold. Then 
b ” 
Ix pi-,(t)lf”-l’(t)/ 1 g(i-‘)(t)l dt u i=l 
G:(y):, [([abPi-~ttld~) 
[lf’i’(t)I2+ I g”‘(t)l*] dt )I , 
0 ,’ ,c, pip ,([I If”- l’(t) I I d- “WI df)2 
d~(f)2t6-u)4,~,[(f~b~:-iodl) 
X! ,” Cl f”‘(r) I4 + I g”‘(t) I”1 df)], 
n 
n(f 
b 
p,el(t) Ij+“(t)l I gciP’)(t)l dt 
j=l fJ ) 
~(~)“(~)“~,[(f~bPi-,(,,df) 
[If(‘) I g’i’(t)12] dt )I . 
(1) 
(2) 
(3) 
The equalities hold in (l)-(3) only for f - 0, g = 0 or pi- 1 = 0 (i = I,..., n) 
almost everywhere on I. 
Remark 1. We note that in the special case when fci) = gci) the 
inequalities established in Theorem 1 reduce to the new integral inequalities 
of the Wirtinger type studied by many authors in the literature (see 
[ 1,2,6,8-J). However, our results in (lb(3) do not overlap with the 
inequalities established by various authors mentioned in the above referen- 
ces. The special form of inequality (1) for n = 1 is recently established by 
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the present author in [9]. In the special case when gCi) =f(j), it is easy to 
observe from the inequalities in (1) and (3) that the following inequality 
I :pi-*(f) If’ip”(t)12df 
~(~)(j~Pi-l(f)dr)(j~lfl"(r)12df) t4) 
holds for i = l,..., n, which in turn is a further generalization of the integral 
inequality established by Traple in [lo, see the inequality (4) on p. 1601. 
Remark 2. If we take g(j) =f@) and n =2, then the inequality (2) 
reduces to the following interesting integral inequality: 
I 
b 
h(f) If(t)12+~,(G If’W121 dt a 
The inequalities of the type (5) are considered by the authors in [3-51 by 
using a different echnique. However, the bounds obtained on the right side 
in (5) cannot be compared with the bounds obtained by the authors in 
[3-53. 
A slightly different version of Theorem 1 is established in the following 
theorem. 
THEOREM 2. Assume that the hypotheses (H 1) and (H,) hold. Then 
b n D Pi-l(t) If’ip”(t)12 1 gcip’)(t)12 dt a i=l 
<1 i 2 ( ) (b-J3 i [( jab pi-&W ‘2 4 i= 1 
0 
” Clf”‘(t)I”+ I g”‘(t)l”l df)], (6) 
icl pi- l(t) If”- l’(t) I2 I g”- l’(t) I* dt)’ 
,;(;)4tb-.)B i [( j;&(Odt) 
i=l 
0 ,” Clf”‘(t)l*+ I g”‘ONsl dt)], (7) 
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n 
41 
b 
P.-~(C) If”-“(t)12 1 gCi-‘)(t)12dt I 
j=l 0 
.(I 
b 
Cl f”‘(f) I4 + I g”‘(t) I41 do]. (8) 
a 
The equalities hold in (6k(8) under precisely the same conditions as in 
Theorem 1. 
Remark 3. In the special case when gCi) =fCi) the inequalities 
established in (6k(8) reduce to the interesting inequalities which are new 
to the literature. In this special case, it is easy to observe from the 
inequalities in (6) and (8) that the following inequality 
[bpi-,(t) If”-“(t)l”dr 
holds for i= l,..., n. 
We next establish the following inequalities which are motivated by the 
interesting integral inequality established by Traple in [lo, see the 
inequality (5) on p. 1601 and its generalization recently established by the 
present author in [9]. 
THEOREM 3. Assume that the hypotheses (H 1) and (H,) hold. Then 
pi-l(t) [If”-l’(t)1 1 g”‘(t)1 + 1 gci-‘)(t)l If”‘(t)l]dt 
( g”‘(t)12+ ( gci-l)(t)12 If”‘(t)12] dt 
[lf’i’(t)I4+ 1 g”‘(t)14] dt)]. (11) 
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Remark 4. We note that for n = 1, the inequality established in (10) 
reduces to the inequality recently obtained by the present author in [9] 
which in itself is a further generalization of the inequality established by 
Traple in [lo, see inequality (5) on p. 1601. We believe that the inequality 
(11) is new to the literature. In the special case when f(j) = gCi) the 
inequalities established in (10) and (11) reduce to the Opial-type integral 
inequalities studied by many authors in, for example, [8, pp. 154-162; 21. 
3. PROOFS OF THEOREMS l-3 
For every t E Z and i = l,..., n we have 
f’i- l’(t) =‘f”+) ds, s pi- l’(t) =- b f(‘)(s) d ,s (12) a I
g (i-“(t) = S’ g”‘(S) & g@- l’(t) = - s: g”‘(s) ds. (13) a 
From (12) and (13) we observe that 
If”-l’(t)\ G;lb If( dr, 
a 
I g+‘)(t)1 <; s b ) g”‘(t)1 dt, a 
(14) 
(15) 
for i = l,..., n. From (14), (15) and using the elementary inequality 
c d < $(c’ + 8) (for c, d reals) and Schwarz inequality we obtain 
i Pi-l(t) If”-“(t)l 1 gcip’)(t)l 
i=l 
(16) 
Integrating both sides of (16) from a to b we obtain the desired inequality 
in (1). 
Taking the square on both sides of the inequality (1) and using the 
elementary inequality (ci + . . . + c,)~ < n(c: + . . . + ci) (for ci ,..., c, reals), 
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Schwarz inequality, and the elementary inequality (c + d)2 < 2(c2 + 8) (for 
c, d reals) we obtain 
ic, pi- I(t) If”- “0) I I d- l’(t) I dt)l 
. ~b~lfii)(~)~2+/g(ii(f)1212dl)l 0 
,~(~)'(ha)'~~,[(l:.P'-,(t)dt) 
4 ,b [I f”‘(t) I4 + I d”W I”1 dr)]. 
This proves the inequality (2). 
From (14), (15) and using the elementary inequality c d d t(c’+ 6) (for 
c, d reals) and Schwarz inequality we obtain for i = l,..., n 
I abpi-l(t) If”-“(t)I 1 g+l)(t)l dt 
Gi(j‘.DP.-,(t)df)(/eb If”‘(t)1 dt )( u Ib I g”‘(t)1 dt ) 
~~(~~b~i-,(t)r)~[(,e 1 f”‘(t) 1 dt 2 + ) ( ~ jb I g”‘(t) I dI)‘] 
“f(~)(j%,i-~(t)dt)(~~b[~/Ii’(t)l2+~g’i’(t)l2]dt).(17) 
From (17) we have 
pi- l(t) 1 f”- l’(t) 1 1 g”- “(t) I dt 
> 
.( s” [I f”‘(t)l’+ I g”‘(t)121 dt ,a 
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which is the desired inequality in (3) and the proof of Theorem 1 is com- 
plete. 
From (14), (15) and using Schwarz inequality we observe that 
1 f(‘- l’(t) I2 < (i) (b-a)i]: lf(iv)IZdf, (18) 
I p)(t)12< ; (b-a) jb 1 g(‘)(t)12dt. 
0 
(19) a 
Now from (18), (19) and following exactly the same arguments as in the 
proof of inequality (1) in Theorem 1 we obtain the desired inequality in (6). 
The details of the proofs of inequalities (7) and (8) follow from (18), (19) 
and following exactly the same arguments as in the proofs of inequalities 
(2) and (3) given in Theorem 1 and hence we omit further details. 
By virtue of Schwarz inequality, the inequality (4), and the elementary 
inequality ct/’ d112 <+ (c + d) (for c, d 2 0, reals) we observe that 
pi-l(t) [If”-“(t)J 1 g”‘(t)1 + 1 gciel)(t)l If”‘(t)l]dt 
. 
. 
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. (J ,” 1 g”‘(t)]*dt “* )I 
~~l~((~)i"~~-,(t,dt)"2 
~(~I/~i~(~)12+lg(l~(~)121~f > a )I 
which is the desired inequality in (10). 
The details of the proof of inequality (11) in Theorem 3 follow by the 
same argument as in the proof of inequality (10) given above, by using the 
inequality (9) in place of inequality (4). We omit the details. 
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